Eigenvalues and Eigenvectors (Characteristic values and

Characteristic vectors) of a symmetric matrix.

Let A be an n by n symmetric matrix, let u be an n by 1 length vector (u = 0), and let A be
a constant (a scalar). Then:
a. Au=2Auor(A-ADu=0.
b. Given that u # 0 it must be the case that:
c. |A-AlIl=0,thatis, the determinant of the matrix must be zero. The
characteristic equation is the polynomial in A. For a two by two matrix A

this is:

A
d. |A-M|= [a“ M } = (a,, - M)y, - 1) -a,a,, =0. Now,
a, ay -A

since A is a symmetric matrix (a;2 = a1 ), we can write the characteristic
equation as:

e. A’-Aa, +a,,)+a,a,, -a, =0. Thisis astandard polynomial of
degree two and therefore has two roots -- A; and A, — these are the
eigenvalues of A. Corresponding to these two eigenvalues are two
eigenvectors — u; and u,. We can solve for these two eigenvectors by

substituting first A; and then A, into the equation above; namely:

[a, - 0
f. (A-ap=|"n "M fe }[““} ={ } and
a, ay - A || Uy 0

g (A-AJ)= _311'7”2 a, :||:u12:| =|:0:|
: ap, ay =\, || Uy, 0
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LetU= [ " ‘2}., that is, the columns of U are the eigenvectors. U is
U, Uy

an orthogonal matrix. Thatis, UU=UU’=1.

A, O : o .
Let A= { 0‘ } be a diagonal matrix with the eigenvalues on the

2

diagonal. Therefore, the symmetric matrix, A, can be written as:

A =UAU’. Also, note that: U°’AU = A.

Within R the command is:

ev <- eigen(TT)

where ev is a data structure containing the eigenvalues and eigenvectors —

evSvalue and evS$vector

For the Double-Centered matrix example the eigenvectors are:
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